Abstract-In this paper, the dynamirs of a piezwlectrie
INTRODUCTION
Piezoelectric materials have the ability to convert mechanical energy into electrical energy and, vice versa, the ability to convert electrical energy into mechanical energy.
In particular, these materials produce an electrical charge under deformation, where the amount of charge depends on the deformation magnitude (direct piezoelectric effect), or, conversely, they become strained when an electric field is applied, with the magnitude of the developed slrain depending on the field streno@ (converse pieioelecrric effect), [l] . From the network modeling prospective [2], these are electro-mechanical system, that is the dynamics is the result of the interaction between the mechanical end the electrical domain. Interaction is simply power exchange via a power conserving network structure, mathematically described by Dirac structure, [3], [4] , generalization of the well-known Kirchoff laws of circuit theory.
Once the Dirac struclure is defined, the dynamics of the system is specified when the space of energy (state) variables and the energy (Hamiltonian) function are given. The port Hamiltonian fornialism [5] , [6] is based on these ideas, thus allowing the description of a wide class of finite dimensional non-linear systems, such as mechanical, electro-mechanical, hydraulic and chemical ones. Recently, it has been extended in order to cope with the distributed parameter case by introducing the notion of infinite dimensional interconnection structure (Stokes-Dirac structure), In this paper, the mdpH formulation of the piezoelectric material dynamics in the Linear case is presented. The main results concerns the definition of a Stokes-Dirac structure able to describe the intenwl and e.rrenial interconnections, that is the way in which the elecuical and mechanical domains interact within the system and the way in which the system can exchange power with the environment through the mechanical and electrical power pons defined on the boundary of the domain. Moreover, their relation with system dynamics, differently from [131. is suitable of an elegant interpretation in terms of network structure. This paper is organized as follows. In Sect. U, the mdpH formulation of infinite dimensional system is briefly discussed by introducing the notion of infinite dimensional interconnection structure and presenting the corresponding class of distributed parameter systems. In Sect. III, a short background on the piezoelectric effect is given by presenting both the constitutive relations either the dynamical equations of the material. In Sect. IV, the dynamics of a piezoelectric material is presented within the mdpH framework by introducing the corresponding Stokes-Dirac structure and, then, in Sect. V, the dynamics of a onedimensional piezoelectric bar (piezoelectric coupling) in port Hamiltonian form is deduced. In Sect. VI, the problem of interconnecting a piezoelectric actuatorlsensor to a flexible structure is approached both in terms of composition of Dirac structure either by introducing a set of constraints (linear) on the energy variables. Finally, conclusion are discussed in Sect. W.
The elements belonging to 3 are calledpows (e.g. velocities and currents), while the elements in E are called efom (i.e. forces and voltages). Flows and efforts are the porr variables, that is the input and output signals, whose combination gives the power flowing inside the physical system. The space 3 x E is called space of power variables.
Given an effon e E E and a flow f E 3, define the associated power P as ( e , f ) = e(f) E W, where (., .)
is the dual pmducr between f and e. Based on the dual product, the following linear operator is well-defined. Consider a linear subspace 5 c 3 x E of dimension m and denote by S1 its orthogonal complement with respect to the +pairing operator (I), which is again a linear subspace of 3 x E with dimension 2n -m since (I) is a non-degenerate form. Based on the +pairing operator (I), it is possible to give the fundamental definition of Dirac srmcture, that is the basic mathematical tool that is used to describe the interconnection structure between physical systems. An important relation between a differential operator and its adjoint is expressed by the following lemma, which generalizes an analogous result presented in [I41 to the multi variable case. This result is fundamental in the definition of Stokes-Dirac structure and, basically, it generalizes the well-known integration by parts formula. 
where BJ is a non-degenerate symmetric differential operator on 8B depending on the differential operator J . As in finite dimensions, the definition of a power conserving interconnection structure is possible once the notion of power is properly introduced. Denote by 3 the space of flows and assume that 3 is the space of smoorh functions from the compact set 2 c W d This relation, which is a direct consequence of the definition of Duac structure, expresses the property that the variation of internal energy is equal to the sum of the dissipated power with the power provided to the system through the domain 2 and the boundary 82.
C. hifinire disiensioiiul port Hainilroriiari systems
As in finite dimensions, the dynamics of a dishibvted parameter system can be obtained from its Stokes-Dirac structure once the power pons are terminated on the corresponding elements, that is the inputloutput behavior of the cosiponems are specified. Proposirion 2.4: Consider the mdpH system (12). Then, the following energy balance inequality holds:
Proofr From (9), we have that Then, (13) is immediate from (8) and (IO). Nore 2.4: Relation (13) expresses an obvious property of physical systems, that is the variation of intemal energy is less or equal (if no dissipation is present) to the power provided to the system. Io the case of distributed parameter system. the power can flow inside the system either through the boundary and/or the spatial domain.
BACKGROUND ON THE PIEZOELECTKIC EI'I'ECT
The dynamics of the piezoelectric material presented in this section is valid under the assumptions of linear behavior, no thermal effects and quasi static electric field, [I]. The linear material behavior relating stress U and strain t in an elastic body is described in coordinates by the COILstitufiw relation (Hooke's law) c;j = S i j n i o k l , where c,j and ukl are the components of the strain and stress tensors while S,jkl are the components of the compliance tensor. Otherwise, the linear constitutive relation of a dielectric medium is described by D,
where Di is the electric flux density, E, is the elecuic field vector and is the electric permittivity tensor. For a piercelecsic material, the mechanical and electrical constitutive relations are coupled:
' 3 -i j k t U~ + The strain and the electric field tensors are related to the components wi of the displacement and to the electric potential field 6 via the compatibility equations:
S E dT
The dynamical equilibrium of a continuous piezoelectric media is described by means of two equations. The first one is the Newton's law describing the balance of mechanical forces, while the second one describes the balance of electrical charges. These equations of motion are respectively given by where fi are the components of the boy force vector, p is the mass density, cd the viscous damping factor and q the free charge density. If written in integral form, (1%) states that the electric flux emanating from a closed surface is equal to the total charge enclosed by the surface.
1v. MDPH MODEL OF PIEZOELECTRIC MATERIAL
Denote by 2 C R3 the spatial domain and assume that E , p = pw (mechanical momentum) and D are the energy variables and that U , w and E the corresponding co-energy variables. Consequently, the total energy is given by In order to write the model of piezoelectric material in mdpH form, it is necessary to identify its Stokes-Dirac structure. We give the following corollary to Theorem 2.3: From Theorem 2.3. both the relations fa = -J e , and Jp = -G, Jc; Gfem = e, define a Stokes-Dirac structure once the proper set of boundary variables and the corresponding pairing is determined. Clearly, (17) results from the Canesian product of these Stokes-Dirac structure and, then, it is a Stokes-Dirac structure, [41. 
Clearly, J = -J'. Io order to compute B z and B(.; .), consider (f-e) E 3 x E and re-write the associated power flow in divergence form, that is as integral over the boundary of the domain of a certain differential form: z-directions and the electro-mechanical coupling factor respectively, the constitutive relation can be written as that is on the boundary it is possible to define a couple of (distributed) power ports, the mechanical (M) and the electrical (E) one, and the associated power flows results to result from the dual product of the corresponding flows and efforts.
Given the Hamiltonian function (16). the dynamics of the system can be specified as follows: In oder to act over a flexible structure by means of a piezoelectric actuator, it is necessary to interconnect both the system. In this section, this procedure is described within the framework of mdpH systems.
Consider the Stokes-Dirac structure of the piezoelectric material where -fu . dA is the current flux through the boundary, denoted by j. If a measure of j is available, in order to stabilize the system it is possible,to assume that Q = -aj, with (I 2 0, since, in this way, H,I 5 0.
The problem of interconnecting a piezoelectric actuator to a flexible structure can be also tackled in a different way by supposing that Z,, C 2 6 and, then, by imposing a speed constrain on 2pe. Before continuing, the following Corollary to Theorem 2.3 is necessary:
Corollaq 6.1: Denote by 3 x E an infinite dimensional space of power variables, by J a skew-adjoint differential operator and by G a full-rank linear operator. A set of (independent) constraints on e can he introduced by imposing that Ge = 0. Then, the following set is a Stokes-Dirac structure on F with constraints on the effort variables:
ID,,=[ ( f , e ) E F x & I f = -J e + G T X 0 = Ge: to= B J ( e ) } Here, the vector value function X plays the same role of the Lagrange multipliers in finite dimensions.
Consider the following function I I , : 2 6 4 (0; l} such Then, the velocity constrain -e,,b = 0 on 2,, c a n be easily introduced and the resulting Stokes-Dirac structure is given by
Since ep,pe = e,;& on Z,,, also the continuity on strain is imposed.
VII. CONCLUSION
In this paper, the dynamics of a piezoelectric material is presented within the new framework of multi-variable distributed port Hamiltonian systems by introducing the corresponding Stokes-Dirac structure. As an example, the model of a one-dimensional piezoelecuic bar (piezoelectric coupling) in port Hamiltonian form is discussed. Moreover, the problem of interconnecting a piezoelectric actuatorlsensorto a flexible structure is approached both in terms of composition of Dirac structure either by introducing a set of constraints (linear) on the energy variables.
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